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ABSTRACT 

The creation and perception of a work of art implies the construction of a hierarchy of scales, from the large 
to the small and detailed.  The author develops a general hierarchical approach and makes use of the concepts 
of information theory and quantum mechanics to build a mathematical model of aesthetic perception that 
allows him to find all the possible musical scales.  Each scale is represented by a collection of zones such that 
a variation of a sound inside a zone does not change its function.  When a stimulus does not belong to any of 
the zones, the impression of dissonance occurs.  It is shown how the “structuredness” of timbre sets — their 
formant nature — is connected to the hierarchy of pitch relations in music. 

It is a well-established fact that psychological processes are hierarchically organized [1].  Today, all artificial 
intelligence constructions are hierarchical in one way or another.  Since the end of the 1960s, the tendency 
toward a multilevel description of art phenomena, as well as of the processes of artistic creation, has been gaining 
strength [2]. 

But the time has come to move from the abstract opposition of different levels in empirical classifications to the 
investigation of the mechanisms of the formation of those levels, up to the development of closed mathematical 
models.  L. Avdeev and I have recently built one such model; it describes the formation of hierarchies of musical 
scales on the basis of the informational comparison of sound complexes [3].  This model will illustrate the 
general statements of this article. 

Sensation and Perception 

It has been noted, ever since the science of psychology took its very first steps, that the interaction between a 
person and the world involves the levels of sensation and perception, with both differences and interrelations 
between them.  Sensation is the process of active structurization of the object situation facing the subject [4].  
This structurization proceeds on the basis of the subject’s conceptions (individual patterns for describing 
situations) and sets (which delimit classes of conceptions).  Sensations “encode” the stream of physical and 
psychological stimuli, combining symbols from a given collection. 

Perception, in its turn, deals not with signals that are external to the subject but with subjective representations 
formed in the sensory process.  This is the level where logical operations take place, relating a situation to a 
definite class and estimating the satisfactoriness of its description within the present set.  If the set is not 
adequate, a new collection of conceptions is formed, one that is better suited for the current activity.  This 
formation of new conceptions is a kind of prognostication of the development of a situation which corresponds to 
the notion of conception as a process.  The new set influences both sensation and perception, and thus the entire 
process circles back to the same point in an upward-developing spiral (Fig. 1). 
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Fig. 1.  Simplified scheme of 
psychological processes that form 
the scale hierarchy.  Each level 
implies the whole sequence of 
sensation, perception and 
conception;  the subjective image 
obtained in this activity is 
indicated in the right-hand part of 
the figure.  This image is folded 
into syncretic sensations of the 
upper level, operating with more 
general conceptions. 

For a theory of aesthetic perception, it is important to distinguish between the emotional reactions accompanying 
sensation and perception.  On the level of sensation, emotions are controlled immediately by incoming signals.  
The even sound of a pure fifth, the definiteness of a clear color, the smoothness of a line or the simplicity of a 
texture are felt in this way.  The level of perception elicits emotions of appraisal, of the “like/do not like” type.  
Here it is not the situations themselves that are emotionally felt, but their organization and conformity with the 
subject’s sets.  Thus a work of art can excite similar sensory emotions in different persons, while perceptual 
(subjective) emotional reactions can differ rather significantly.  Here, in fact, one can speak of aesthetic feeling 
proper [5]. 

On the face of it, subjective feelings are too diverse to systematize.  Nevertheless, my hierarchical approach 
implies the possibility of discovering a “common core” in the variety of conceptions, that is, the conceptions 
induced by the logic of the phenomenon itself and human psychology, rather than an individual’s history. 

Discordance 

The appraisal of a situation in the “like/do not like” manner can be described by the concept of discordance.  For 
elementary perceptions, which are mathematically represented by (multidimensional) Gaussian distributions [6], 
discordance can be evaluated as the quantity of information introduced into a situation by one stimulus appearing 
on the background of another (Fig. 2) [7].  Thus a feeling of discordance arises in the chain: first stimulus — 
selection of conception — second stimulus — shift of conception — discordance. 

The relation of discordance is symmetrical, that is, it does not depend on which of the stimuli comes first in the 
chain. 

More complex conceptions can be represented by combinations of elementary conceptions.  In music, this is the 
natural distinction between the principal tone and the overtones.  There are analogous elementary conceptions for 
other arts as well.  Thus, in painting, it is possible to define a “generalized point” of finite dimensions.  In 
traditional poetry, this role is played by the elements of articulation.  For this theory to work it is essential only 
that elementary conceptions form a manifold that is topologically equivalent to Euclidean space.  Modern data on 
physiology of analyzers and psychophysics of perception do not contradict such an assumption [8].  However, 
much of what is important for the practical investigation of the mechanisms of the transformation of a physical 
signal into a collection of elementary conceptions is still in the initial stages of development.  The difficulties are 
not so much experimental as conceptual: we lack concepts to describe the internal, subjective image of an object 
situation.  The hierarchical approach overcomes this deficiency, to some extent. 
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Fig. 2.  Formation of discordance. 
(a) An elementary conception is 
described by a gaussoid. (b) The 
addition of another gaussoid results 
in a shift of the original image. 
(c) This modification contains the 
quantity of information dependent on 
the distance between the conceptions.  
There is a low level of discordance in 
images that show little difference in 
pitch.  Conceptions that are far apart 
also do not interact, which makes it 
possible to combine several planes or 
textural layers in the same work of art 
(e.g. areas [a] and [b] in Fig. 2c). 

As soon as I define the concept (and the value) of the discordance that characterizes the subjective compatibility 
of two elementary conceptions, the discordance for compound conceptions can be readily evaluated.  Complex 
conceptions are collections of elementary components, each of which is supplied with an “amplitude” [9].  I find 
such a description quite analogous to the quantum-mechanical decomposition of a state vector in some basis in a 
Hilbert space.  As in quantum mechanics, the amplitudes are normalized, so that the sum of their squares 
equals 1.  I also use the “overlap integrals” to compare complex conceptions, that is, the sum of the component 
products of the amplitudes for two vectors — again, following the methods of quantum mechanics.  Thus, to 
evaluate the discordance for compound conceptions, I evaluate the discordance for each pair of elementary 
components and then sum up the results multiplied by the respective amplitudes. 

In the discussion that follows I will refer to the components of a compound conception as harmonics and to the 
collections of amplitudes as subjective or internal timbres, by analogy with the perception of music.  In music, 
where the frequencies of harmonics are strictly bound to the frequency of the principal tone, discordance for two 
compound sounds depends only on the distance (the difference of pitch) between their principal tones.  Figure 3 
shows that this function has a number of distinct minima [10].  This means that sounds with a corresponding 
difference in pitch are the least at variance with each other and can belong to the same tone system.  This 
collection of sounds forms a scale that any other sound is then compared to;  a coordinate frame in which musical 
thought spreads. 

Dissonance 

Thus the informational comparison of conceptions leads to the formation of perceptual scales.  Perception 
appears to be highly organized and reveals an internal regularity.  But how does a specific sound relate to a 
scale?  It has been established experimentally that it is the nature of any scale to consist of zones, which means 
that many sounds may belong to the same degree of a scale, if they do not differ very much [11].  In particular, all 
the sounds close to a minimum of the discordance function should form a single zone.  Then it is natural to 
attempt to filter out the “variable constituent” from the discordance function by subtracting a locally defined 
“average level.”  As a result, the dissonance function is obtained, the sign of which indicates the correspondence 
of a stimulus to a scale set (Fig. 3).  The areas of negative values of the function form the scale zones.  Any sound 
within a zone represents the same degree of the scale.  Sounds with positive dissonance values can be called 
dissonances proper. 

The relativity of dissonance is an important corollary [12].  It is not the combination of sounds by itself that 
produces the impression of dissonance, but rather the sound’s overstepping the limits of a fixed zone structure.  
That is why sound combinations that are dissonant in one scale might not be dissonant in another.  Of course, this 
applies to the other arts as well. 
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Fig. 3.  Discordance (a) and 
dissonance (b) functions for 
the common 12-tone scale.  
The minima of discordance 
are seen around the degrees of 
the scale.  The dissonance 
function shows that there are 
exactly 12 zones (shaded) per 
octave (the interval of 1.0). 

Scale Hierarchy 

The collection of scale zones is not the only information the subject extracts from the discordance function.  As a 
matter of fact, this construction picks out its principal rhythm.  But in addition to this principal rhythm, there are 
other rhythms in the discordance function that define the substructures possible in the scale.  They all can be 
detected by the maxima of the Fourier transform of the discordance function, and for every such substructure, the 
dissonance function is calculated in the usual way, that is, the scale zones are defined.  The collection of zone 
structures “embedded” in one another forms the hierarchy of scales, the highest level of the scale set. 

Scale hierarchy plays a significant role in painting as well.  In poetry there is an analogous hierarchy of rhythmic 
formations.  Since the results I obtain within the hierarchical approach are quite general, I conclude that any kind 
of aesthetic perception implies a movement from large fragments to ever more minute details.  The elaborateness 
of the scale hierarchy characterizes both the intensity of perception and the profundity of the work of art itself. 

Mathematically, rhythms in the discordance function are represented by the corresponding frequencies (for 
example, the number of scale degrees in an octave).  The frequencies, in their turn, are directly related to the 
“fuzziness” of elementary conceptions (the dispersion of the Gaussoids), as well as to the number of perceptible 
components of a compound image.  Thus the transition from the principal scale to the possible substructures 
corresponds to a “coarsening” or “relaxing” of perception.  Perception filters out the details of an integral image, 
which fit into a scale set.  D. Marr illustrates this process in the case of visual perception [13].  But there is a 
novel point in the hierarchical approach: not just any perceptual tuning is possible, but only a few of discrete 
levels! 

Optimal Scales 

The above discussion does not imply any restrictions imposed on the structure of multicomponent conceptions 
(internal timbres).  Physically, signals of arbitrary structure are possible.  However, sensation does not simply 
transmit these signals to the subject but also separates the two sides of a signal: its coloring (tints and variations) 
and its quality (the relatedness to a definite class) [14]. 
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It is commonly known that the coloring of sound does not, as a rule, hinder the perception of melody and 
harmony in music.  The same composition can be performed with different kinds of instruments and it would be 
recognized and perceived in much the same way.  Other examples of this are the perceived similarity between a 
painting and its black-and-white reproduction, or a printed poem and its oral recitation.  Naturally, there are 
differences.  But a common base is also felt, which implies the presence of a number of invariants [15].  One 
such invariant is the scale hierarchy, which is completely determined by the internal timbre [16].  Therefore, each 
timbre describes a class of scales as an invariant of musical performance.  The logic of the hierarchical approach 
leads one to expect that not just any timbre, but only a finite number of fully determined subjective timbres would 
exist. 

One can ascertain exactly which timbres are distinguished by perception using two criteria: robustness and 
regularity.  Robustness (a number between 0 and 1) gives the measure of a timbre’s preservation (in the sense of 
maximum overlap, as discussed in the above section entitled Discordance) under various nonlinear 
transformations, which it inevitably undergoes in psychophysical processes.  For a finite number of components, 
the upper limit of robustness cannot be reached.  Timbres with a robustness greater than 0.5–0.6 can be 
considered quite stable. 

 

 

 

 

 

Fig. 4.  Internal timbres for scales with 3, 5, 7, 12 and 
19 zones per octave.  The density of texture reflects the 
amplitude of the respective harmonics.  The abstract 
positions of the harmonics are shown by the upper 
lines.  The main formants for each timbre are indicated 
by the lower bars.  The values listed are: the calculated 
number of scale degrees per octave (ν), robustness (τ) 
and regularity (ℜ) of the timbre.  Scales with ν = 5 and 
ν = 7 correspond to the well-known pentatonic and 
diatonic scales.  They are modally labile.  The “well-
tempered” scale, with ν  = 12, is stable, as well as the 
scale with ν = 19. 

Regularity describes the markedness of rhythms in the discordance function and, first and foremost, of the 
principal rhythm.  In other words, the zones of the principal scale must be well separated in perception.  This 
requirement is expressed mathematically as the maximization of the value of the Fourier transform of the 
discordance function in some point.  The possible positions of the maxima give the possible regular scales. 

I say a timbre is optimal if it is both robust and regular.  Optimal timbres set the possible scale hierarchies in 
perception, the standard classes of perceptible situations.  It turns out that, in pitch perception, both robustness 
and regularity can be reached simultaneously only at the points that correspond approximately to an integer 
number of scale degrees per octave.  Some of the optimal timbres obtained by L. Avdeev [17] are shown in 
Fig. 4.  Notice that the number of harmonics in the optimal timbres increases with the lessening of the dispersion 
(the sharpening of hearing).  However, the higher harmonics, as a rule, merge into one chromatic formant 
determining the articulateness and coloristic resources of the scale.  The lower harmonics also group themselves 
into formants [18].  The principal part in the description of the artistic potential of a scale is played by the 
harmonic formant (from the principal tone to the first “hole,” or a harmonic with 0 amplitude) and the modal 
formant (the second or, sometimes, the third group of harmonics).  The size of the harmonic formant determines 
the intervals that can be used in harmony.  The modal formant characterizes the features of melodic movement.  
The ratio of the formants provides an additional value that is important for the description of scales: lability.  I 
have noticed that melodics dominates when lability is positive and harmony dominates at negative labilities.  
Lability less than –1 points to the suppression of melodics and the indifference of harmonic functions 
(harmonically labile scales).   Lability greater than 1 testifies to the decentralization of melody and the infirmity 
of modal functions (modally labile scales) [19].  If the absolute value of lability is less than 1, the scale can be 
called stable.  Such scales prove to be the most universal in their applications. 

On the basis of the calculations made, one could investigate the peculiarities of the usage of various scales.  Thus 
I suggest a new language in the theory of music to describe pitch phenomena in a more adequate way. 
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Fig. 5.  (a, b) The keyboard of the 19-tone 
piano differs from that of the traditional 
12-tone piano in that it has seven 
additional keys in each octave, forming a 
diatonic scale “opposite” to the principal 
one, on the white keys.  The black keys, as 
usual, correspond to a pentatonic scale.  
Accordingly, new signs of alteration appear 
that can be found in some modern 
compositions:  a “half-sharp” raises a tone 
by one degree of the 19-tone scale; a “half-
flat” lowers a tone by one degree.  A 
“whole tone” contains three steps of the 
scale, a “semitone” (the distance between 
mi and fa) contains two steps of the scale.  
In addition, an “introductory semitone” 
corresponds to the interval of one step of 
the scale [21].  Introductory intervals are 
widely used in music, though they are 
poorly reproduced on 12-tone tempered 
instruments.  (c) The ascending chromatic 
scale of C major differs here from the 
descending major chromatic scale, as well 
as from the minor chromatic scales and the 
major-minor scale.  These scales are 
represented by the same 12-note sequence 
in the 12-tone scale.  (d) An example of a 
“hypermode” of 12 tones that cannot be 
reproduced in the 12-tone scale. 

General Conclusions 

The perception of a work of art reveals its intrinsic hierarchy of scales.  This hierarchy is specific to each 
particular work; and yet it is not arbitrary, but an element of a discrete collection.  A good work conveys the scale 
hierarchy conceived by its author to any sufficiently practiced observer.  However, the artist’s intentions cannot 
always be satisfied with the available material.  For example, the performance of dodecaphonic music in the 
12-tone tempered scale does not reveal the internal connections specific to each series [20].  On the contrary, the 
12-zone “hypermodes” naturally appear in the scale hierarchy of the 19-tone scale (Fig. 5).  The presence of a 
theory quantitatively describing the scale hierarchies makes the search for a means of expression more purpose-
oriented. 

I have described how the theory of hierarchical scaling in aesthetic perception aids the understanding of some 
important features of pitch relations in music.  The mathematical model makes use of a simple one-dimensional 
representation of an elementary conception, and takes into account the achievements of musical theory, as well as 
detailed physiological and psychophysical data.  Other arts have not been so fully investigated, and their 
quantitative description is yet to come.  In music itself, it still remains to generalize the results of this model to 
the multidimensional case, allowing for the rhythmic and dynamic aspects, in addition to pitch.  The hierarchical 
theory of aesthetic perception has a long and strenuous life ahead of it. 
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Glossary 

Euclidean space — similar to a Hilbert space, but its basis contains only a finite number of vectors.  The 
components of the vectors are real numbers. 
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Fourier transform of a function — a function that shows which rhythms constitute the original functions and 
their relative contributions to it. 

frequency — the number of oscillations per unit.  Frequency of a pure tone, for example, is the number of 
density oscillations per second. 

Gaussian distribution — the most important probability distribution in mathematical statistics.  It is also called 
a normal, or standard, distribution.  Gaussian distribution is determined by two parameters: the center (mean) and 
the dispersion (variance).  Figure 2a shows that for a Gaussian distribution centered at the point hi the values 
close to hi are the most probable.  The least probable are the values lying farther than the dispersion of the 
distribution from its center. 

gaussoid — another name for Gaussian distribution. 

Hilbert space — a mathematical object representing a collection of all vectors that can be constructed from the 
vectors of an infinite discrete basis set.  The addition of any two vectors of a Hilbert space gives a vector of the 
same space;  the same holds for multiplication of any vector by a complex number (having both real and 
imaginary parts).  Hilbert spaces are widely used in quantum mechanics to represent the possible states of 
quantum systems. 

invariant — a feature of a system that remains the same after all transformations of a definite type. 

maximum of a function — the point at which the function’s value is greater than the values of the function for 
all arguments in a small region near the point of maximum. 

maximization — selection of the greatest of all possible values. 

minimum of a function — the point at which the function’s value is less than the values of the function for all 
arguments in a small region near the point of minimum. 

multidimensional space — a collection of vectors that is characterized by several parameters (such as length, 
width and depth in ordinary space, or the standard hue/1ightness/saturation representation of color). 

one-dimensional space — a collection of vectors, each of which can be determined by a single parameter (such 
as time, duration or pitch). 

overtone — a constituent of a musical sound with frequency that differs from the frequency of the principal tone 
by an integer factor. 

pitch of a sound — the logarithm of the sound’s frequency.  For complex sounds that consist of many 
harmonics, pitch is associated with the frequency of the principal tone. 

principal tone of a musical sound — the oscillation with the least frequency. 
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