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This document is nothing but a notebook containing any observations I find interesting.  That I open it to public 
does not mean that I consider it as a self-contained text unfolding a definite idea.  However, nobody can be sure 
in the future in this world, and the troubles of life may prevent me from developing a regular treatise covering 
the topics presented.  Meanwhile, this fragmentary exposition may induce somebody to doing what I have no 
time to do myself... 

 

 

S. MacLane, Mathematics: Form and Function (Springer-Verlag, New-York, 1986) 

<< 

Since a formula is just a finite well-formed sequence of symbols, there is only a denumerable number of 
formulas in this language. Therefore, the presentation of Peano arithmetic provide only for a denumerable 
number of proofs by induction! This observation has the strange result that these Peano axioms have a "non-
standard" model in ZFC. For consider a language with one additional constant δ and the following denumerable 
list of potential additional axioms: 

0 < δ, s(0) < δ, ss(0) < δ, sss(0) < δ, ... 

Any finite subset of this list has a model. Therefore, by compactness, the whole list has a model - and in that 
model of the Peano axioms there is a "natural number" δ larger than any sn(0)! 

>> 

This is a perfect illustration of the typical errors of most meta-mathematicians:  (1) theories get identified with 
language, and (2) language is identified with its form.  In reality, a theory only makes use of a language, to 
express certain schemes of activity, but no language can express any activity in full; this is like a musical piece 
written with notes — it takes a good musician to properly interpret it, and the interpretations may be quite 
different, depending on the cultural and personal circumstances.  Similarly, a sequence of characters (or sounds) 
is not language on itself — it can only represent language under certain conditions.  A sequence of symbols 
becomes language if there is a cultural association of that sequence with some activity, action or operation;  by 
the way, this makes translation between different languages possible.  In other words, a finite collection of 
symbols implies an infinity of interpretations, and there is no finite way to completely specify a particular 
interpretation chosen in the current context.  We understand each other because we share a common culture and 
history, that is, because we are infinite ourselves.  No physical process can convey information on itself — to 
become a signal, a word must be used by some higher-level systems able to guess the meaning behind the words. 

One can also observe that any language is highly extensible, and new "words" can be easily introduced when 
there is no way to express something with the available vocabulary.  A theory is never exhausted by finite 
sequences of characters from a pre-defined set — to develop a theory we have always to add ever new forms of 
expression for the formal constructions obtained, and explain their usage in an informal way;  in practice, the 
collective usage by a number of people may make any new form a part of the professional slang, and it is only 
after establishing enough cultural links that it may become common language. 

This is how we can easily incorporate infinity in any theory:  we cannot formally define it via a finite formula — 
but we already have the idea of it, and we simply invent a symbol for it, and relate it to the rest of the system. 

One could compare it with the technique of operational closure used to complete a mathematical structure (set, 
space, manifold, ...):  when a sequence of admissible operations is proved to converge to no available element, 
we simply take this sequence (or rather a class of sequences equivalent in some sense) and make it an additional 
element of the system.  This logical operation exactly reflects what we do in real life, and hence is quite 
appropriate in science, provided we do not forget about the limited applicability of any abstraction at all. 
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H. M. Hubey,  The Diagonal Infinity (World Scientific, Singapore, 1998) 

p. xxii << 

So mathematics is also an empirical-experimental science, and these days, the development of computation 
engines is the perfect way for mathematicians to gain what a physicist would call intuition. [...] The formal 
system is a hypothesis; the theorems are predictions. Whether they are true depends on the real world. 

>> 

The computation engines (like MatLab, Maple, Scientific Workplace etc.) may be very helpful for developing 
mathematical intuition — however, they do not provide mathematics with a link to the real world.  That is why 
"pure" mathematicians who know little about life beyond mathematics can hardly be qualified enough to discuss 
the foundations of mathematics.  It is only the applications in other sciences, in technology, arts, philosophy, and 
in everyday people's activities, that constitute the true body of a mathematical theory, and decide on its truth. 

For example, the discussion about the discrete infinity and continuum (integers vs. real numbers) has long since 
been practically resolved by the numerous cases of successful application of the formal results to human activity 
in the real world.  For one instance, in quantum physics, both continuous and discrete spectra can be observed, 
and the description of the profiles of spectral resonances is impossible without employing the idea of discrete 
series of quasi-bound states interacting with a number of continua. 
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